We study temperature fluctuations in the initial stages of the relativistic heavy ion collision. We obtain the spectrum of the temperature fluctuations for the peripheral collisions, assuming that the fluid is turbulent. We find that the length scale of the temperature fluctuation is of the order of 1.16 fm. We find that while temperature fluctuations in the initial time steps can be fitted with a Gaussian distribution, temperature fluctuations in the later stages can be better fitted with the q-Gaussian distribution. This distribution is associated with the Tsallis statistics. We use the Tsallis statistics to study the turbulence in the relativistic heavy ion collisions. We obtain the value of the entropic index from the temperature spectrum. A detailed analysis of the dependence of the entropic index on the system parameters is done. We compare our results with recent experimental results and find the general results of the experimental data are in agreement with our results. Our work indicates that the turbulent motion of the relativistic heavy ion fluid should be studied by using a non-extensive formalism.
I. INTRODUCTION
The Relativistic Heavy Ion Collision (RHIC) experiments, both in CERN and in BNL, attempt to understand the thermodynamic properties of strongly interacting systems through various methods [1, 2] . Due to the nature of the collision, the fluid immediately after collision constitutes a non-equilibrium system [3] . The geometry of the collision indicates that a large amount of angular momentum is present in the region of the peripheral collisions which causes rotational motion of the fluid [4] . The motion of the fluid is usually modelled by hydrodynamical simulations or by anomalous transport models [5] . For any of these simulations, the critical input is the initial conditions. It is well known that there are fluctuations in the initial conditions which lead to specific structures in the final hadronic spectra. Most of these are number density fluctuations [6] . Though hotspots and coldspots are known to arise in the rotating fluid [7] , the temperature fluctuations are difficult to study experimentally. This has led to most of the efforts being concentrated only on density fluctuations while analysing the fluid dynamics of the system. Recently, some groups have been looking at hotspots and temperature fluctuations in these systems [8] . Temperature fluctuations can help us understand various thermodynamic properties of a system. The time evolution of these temperature fluctuations have been studied as smaller subsystems [9] which are like canonical ensembles with different temperature values. In this work, we look at the temperature fluctuations from a different perspective. We use a multiphase transport (AMPT) model to study the temperature fluctuations in the initial stages of the heavy ion collisions assuming that the fluid is turbulent. We obtain the power spectrum of the temperature fluctuations using standard techniques used to study turbulent flows. Our aim is to understand the dynamics of the turbulent relativistic motion through temperature fluctuations.
Experiments indicate that the flow in relativistic heavy ion collision is turbulent. Hot spots are generated in the initial stages of the collision. These are due to the temperature fluctuations in the rotating fluid. It has been shown that the size of the hotspots do not affect the integrated observables and some of the differential observables. However, there are some other differential observables (such as sub leading principle components) which may be sensitive to these fluctuations [10] . Turbulence in heavy ion collisions is related to the efficient energy transfer over different scales and the fact that the viscosity to entropy ratio is found to be quite small [11, 12] . In recent times, it has become important to study the role of vorticity and other phenomena in relation to the turbulence generated in the initial stages of the heavy ion collision [13, 14] . The power spectrum of turbulence in certain theoretical cases has also been calculated.
In this work, we are interested in the temperature fluctuations of the turbulent fluid. The temperature spectrum of a turbulent fluid has been discussed in the literature [15] , we use the AMPT model to obtain the temperature fluctuation in the case of the initial stages of the relativistic heavy ion collision. We find that the spectrum of temperature fluctuations remains more or less the same independent of the collision energy. We also find that the Gaussian peak of the spectrum shifts from higher length scales to shorter length scales with time. At later times the spectrum is a better fit with the q-Gaussian distribution. We use the spectrum to find the shortest length scale of the eddies in the turbulent flow. We also use the Tsallis statistics which is associated with a q-Gaussian distribution to further study the turbulent system.
The extended thermodynamics of Tsallis has been applied to turbulent systems before [16] . The Tsallis statistics is a generalization of the Boltzmann-Gibbs thermodynamic approach to non-equilibrium systems [17, 18] . The thermodynamics is characterized by a parameter q which is called the entropic index. For q = 1, we obtain the standard BoltzmannGibbs statistics. The value of the entropic index is a measure of the departure of the system from equilibrium statistics. It is possible to determine the value of the entropic index from temperature fluctuations. The Tsallis entropy has been used recently to model various non-equilibrium systems including the relativistic heavy ion collision experiments [19] . The entropic index for various experimental data has also been obtained.
In this paper, we analyse temperature fluctuations and turbulence in relativistic heavy ion collisions using the Tsallis statistics. We use the AMPT model, to generate the initial stages of the relativistic heavy ion collisions. We study the temperature spectrum obtained and use the Tsallis statistics to understand the thermodynamics of the collisions in the initial stages. We use the Tsallis statistics to find the entropic index from the temperature fluctuations. We find that the entropic index obtained by fitting the temperature profiles is similar to the entropic index found by fitting the experimental data. We then compare our predictions with available experimental data and discuss the role of Tsallis statistics in understanding turbulence in heavy ion collisions.
In section II, we describe the temperature hotspots obtained in the initial stages of the relativistic heavy ion collisions using the AMPT simulations. In section III, we describe the power spectrum of temperature fluctuations that we obtain for the isotropic turbulence. We also plot the spectrum at a later time to show why the spectrum itself indicates the use of Tsallis statistics to describe the system at a later time. Section IV discusses the application of Tsallis entropy to turbulence and we calculate the entropic index from our simulations.
We briefly discuss the calculation of the Tsallis entropic index from experimental data and show that it is very close to the entropic index we have found from our simulations in section V. We summarize and conclude the results of this paper in section VI.
II. TEMPERATURE HOTSPOTS IN THE INITIAL STAGES
The AMPT is a publicly available simulation of the relativistic heavy ion collision [20] .
This model can give the initial state pre-equilibrium fluctuations in the collisions. We use the AMPT code to obtain the positions and velocities of the particles at the initial stages of the collision. The energy density distribution function in the AMPT can be calculated from [21] ,
We set the Gaussian width at σ = 0.5 fm. We also have 
Here N f is the number of quark flavours, we have taken N f = 3. The temperature so obtained is plotted in the x − y plane. We have done both event by event as well as event averaged plots. The event averaged plots are Gaussian in shape and will be used later to obtain the entropic index for the Tsallis statistics. We first discuss the event by event plots which show the initial fluctuations at different times and collision energies. before in previous studies [7, 22] . In the first study, the temperature fluctuations are studied in the same way as temperature fluctuations are studied for the CMBR in the early universe.
The second study concentrated on finding the specific heat of the system from temperature fluctuations. We, on the other hand, treat the fluid as a turbulent system and though the temperature hotspots appear similar at different times, we would like to analyse them further to find the differences at various length scales. In the next section, we first define what we mean by a power spectrum of temperature fluctuations in a turbulent fluid and then obtain the power spectrum at various times and different collision energies.
III. POWER SPECTRUM OF TEMPERATURE FLUCTUATIONS
For the case of isotropic turbulence, it is possible to define the power spectrum of temperature fluctuations beginning from the heat transfer equation [15] ,
Here we have assumed that the temperature at any two points P and P are different. One can then define m(r) =< T T > as the temperature correlation between the two given points. The temperature fluctuation can be expressed as a stochastic Fourier integral with the assumption, that it is a steady random function of space.
where h(k) is a random function of k 1 , k 2 , k 3 . The vectors k and k denote two points in the wave number space. The product of their increments at the same point is very small but non zero. It is defined by,
Here the asterisk indicates the complex conjugate. However, for the case of temperature which is a scalar fluctuation Φ(k) depends only on k. The correlation function is then given
The power spectrum of temperature fluctuations is thus defined by,
The relation between the power spectrum and the temperature correlation is given by,
One can obtain the power spectrum of the temperature fluctuations as long as we know the temperature at different points. In the previous section, we have plotted the temperature fluctuations in the initial stages, however, that does not tell us much about the system at those times. We now plot the power spectrum of the temperature fluctuation at
GeV at two different times. indicates that the turbulence generated in the initial stages is most likely to be isotropic. Though the power spectrum of the temperature fluctuations can be approximately fitted by a Gaussian even at later times, a better fit for the latter time points is the q-Gaussian distribution. The q-Gaussian distribution is a generalization of the standard normal probability density. Since at latter times, the distribution becomes asymmetric, we use the asymmetric Poissonian q-Gaussian distribution [23] to fit the given distribution. The fit to the distribution using an asymmetric q-Gaussian distribution is shown in fig 4. The distribution itself is defined by two parameters, q and the asymmetric parameter a. The distribution is given by,
Here we have,
and the asymmetry parameter is given by,
Here N αα is a constant given by, N αα = 2 α+α −1 Γ(α)Γ(α )/Γ(α + α ). In this case, we have fitted the temperature spectrum by a distribution based on three constants c, α and α . We 
IV. TSALLIS ENTROPY AND THE ENTROPIC INDEX
As mentioned before in the introduction, the Tsallis statistics is characterized by the non-extensivity parameter q, with |q − 1| being a direct measure of the fluctuation [24] . In our case, it is the temperature fluctuations which are of interest to us. The relation between the entropic index q and Tsallis entropy in a system with fluctuating temperature has been discussed previously in the literature [25] . Rather than the temperature spectrum itself, the quantity that is used is β, the inverse of temperature. For a system with temperature fluctuations, the probability distribution of β (i.e the temperature inverse) can be fitted with a χ 2 distribution [25] . The distribution is given by,
We obtain β and f (β) from our simulations and plot it in fig 5. The data is then fitted with a χ 2 distribution. This indicates that our temperature fluctuations can be fitted with the non-equilibrium Tsallis statistics. The constant β 0 is the average of the fluctuating β [25] .
It has been seen in most physical systems that the entropic index from the Tsallis statistics has some dependency on system parameters. For example, the value of q is observed to depend on the spatial scale. In turbulence measurements, q turns out to be a monotonically decreasing function of the size. In the next section, we study how the entropic index or q value changes with various parameters of the system. 
V. RESULTS AND DISCUSSIONS
Recently, there have been attempts to obtain the (q − 1) values from experimental data.
In that approach a T ef f is defined [24] . The T ef f is the effective temperature from the Tsallis distribution. The dependence of this effective temperature T ef f on the parameter q has been studied for negative pions and antiprotons in different reactions. The data can be fitted with a straight line whose slope depends on the reactions and the particles chosen.
The main difference with the previous work and our work is that we are dealing with the initial stages of the heavy ion collisions, hence we do not have any hadrons. However, we find that even in our case, the T ef f dependence on the q can be fitted with a straight line.
The slope is smaller than the slope obtained for the hadronic particles. This is shown in fig   6 . The experimental data fitting has indicated that the T ef f vs q dependency may not be the same for all systems. While for Au +Au collisions our slope has a similar slope as ref.
[24], it was shown in [26] that the p − p collision at high collision energies has a different slope. For the P b − P b collision though they have obtained the same slope. Thus though we get a linear dependency between T ef f and (q − 1), the slope of the straight line depends on the particular system being studied as well as the collision energy.
We now do a detailed analysis of how the (q − 1) value changes for different parameters of our system. In fig 7, we show the variation of (q − 1) for different space time rapidity (η)
values at different collision energies ( √ s). Here we find that with increasing values of space time rapidity our (q − 1) value decreases. This can be related to the multiplicity distribution and its relation with the Tsallis entropic index. As has been shown in previous studies, the multiplicity distribution has to be of the negative binomial type [24] and can be related to the entropic index. A higher multiplicity distribution will result in lower (q − 1) values. A similar result was also obtained by [27] where the authors had studied multiplicity spectra of p − p collisions at very high LHC energies (1-7 TeV) using the Tsallis distribution. The authors had looked at several rapidity windows in the energy range and the conclusion that can be reached from their studies is what we have also obtained. Increasing rapidity leads
to decreasing values of the entropic index. We have however looked at lower energy scales as well as a different system. Though the overall result remains the same at any collision energy, we find that at lower collision energies the Tsallis entropic index is significantly higher. This is in contradiction to the results of [27] where the entropic index appears to be increasing with increasing collision energies. We would like to emphasize the point that the colliding system is very different in ref. [27] . Here we are studying Au + Au collisions whereas the ref.
[27] discusses a p − p collision. The difficulty in using the Tsallis distribution seems to be that the results are dependent on the produced particles and the colliding particles. A recent paper [28] has done a detailed study for a large range of collision energies, a large variety of particles and for various different systems. They show that the (q − 1) values appear to be proportional to √ s/m [28] , they have also mentioned that the (q − 1) value depends on the multiplicity of the particles. However, the major difference between our work and the others is that we are calculating the (q − 1) value for the partons whereas in all the experimental data fitting it is the hadrons which are used to obtain the (q − 1) values. We find that our values are higher than the values obtained from the hadronic spectrum. This is quite possible because at the early stages before the phase transition the system is more likely to be in non-equilibrium. After the hadronization, the fluctuations are less and the systems move towards equilibrium. So the (q − 1) values which are a measure of the departure from an equilibrium of a system, will be higher in the partonic state as compared to the hadronic state. It thus appears that the (q − 1) values do have a dependency on the beam collision energy at least for lower collision energies. In fig 8, we show the variation of (q − 1) for different √ s values at different centralities. We again find for the given range of collision energies, our previous results hold even at different centralities. At higher centralities (q − 1)
appears to be lower while at lower centralities (q − 1) appears to be higher. Since the more central a collision is, it has a higher multiplicity, it appears that a higher multiplicity leads to lower (q − 1) values. In ref. [24] , it was shown that the parameter q goes down as the Experimentally, it has been observed that the q value depends on the nature of the hadrons produced [28] as well as the kind of system. Here we do not have any hadrons as we are looking at the initial stages of the heavy ion collision, hence we cannot match the result exactly with the experimental values. We find that our (q − 1) values are higher compared to the experimental values. However, they show the same trends as the experimental (q − 1)
values. Similar to the experimental results, our results also show a strong dependency on the multiplicity of the particles. The parameter (q −1) is seen to be decreasing with multiplicity.
As the system generally moves towards equilibrium after the phase transition, that would be the reason why the (q − 1) values are higher in the initial stages that we have studied.
Previous studies have also shown that the hadronic stage has less turbulence than the QGP phase. So our results seem consistent with the different experimental results.
VI. CONCLUSIONS
In conclusion, we have obtained the temperature spectrum of a turbulent fluid and found that at initial times the spectrum appears to be Gaussian in nature but at later times it is better fitted with a q-Gaussian distribution. Since a q-Gaussian distribution is associated with the Tsallis statistics, we use the Tsallis statistics to study the temperature fluctuations.
We use the probability distribution of β to obtain the entropic index (q − 1). Similar to previous studies and experimental results, we find that there is a linear dependency between the temperature T ef f and the entropic index (q − 1). The slope of the line, however, depends on the kind of particles chosen to obtain the temperature of the system. Here we have looked at the partonic system in the initial stages of the heavy ion collision.
We have checked the dependency of the entropic index on the space time rapidity, the collision energy and the centrality of collisions. We find that the entropic index decreases with an increasing space-time rapidity. This indicates that the entropic index decreases with size. This is expected in a non-equilibrium system. The dependence of the entropic index on collision energy and centrality is convoluted. Our main results are that in the range of collision energies 20 GeV -200 GeV, we see that the entropic index decreases with increasing collision energy in the partonic system. Similarly the entropic index also decreases with higher centrality values. These conclusions follow the general trend of the experimental data. Experimentally it has been observed that the q value depends on the multiplicity of particles. At higher multiplicities, one obtains lower q values. This is in agreement with our results as more central collisions have higher multiplicities compared to peripheral collisions.
Due to the large angular momentum in the case of peripheral collisions the turbulence and out of equilibrium characteristics will be manifested more for these centralities. Our (q − 1)
values are higher than those that are obtained experimentally. We attribute this to the fact that at the initial stages of the heavy ion collision, the system is far more turbulent than in the hadronic stage. The experiments obtain the (q − 1) values from the hadron spectra, hence they have obtained a lower (q − 1) value.
Lastly, by analysing the temperature fluctuation at different times, we have found that the turbulent fluid transfers energy from the larger length scales to the smaller length scales. This is the standard Kolmogorov cascade. However, this leads to an increase in the entropic index at time increases. We are not sure as to how to interpret this as of now. Though there are many different interpretations of the application of Tsallis statistics to the collider experiments, we feel that there are several points that are still not clear. The experimental data also points to the fact that the value of the entropic index depends very crucially on the particles chosen as well as the collider experiment. The results for p−p collisions and Au−Au collisions are not the same. Due to all these reasons, we feel that the role of the entropic index is not well understood in heavy ion collisions. However, our current work indicates that a non-extensive formalism is more appropriate in studying the turbulent motion of the rotating fluid in relativistic heavy ion collisions. Our plan is to extend this study to the hadronic part and obtain the role of q in the understanding of the phase transition dynamics in relativistic heavy ion collisions.
